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Dynamic Modal Truncation—Relaxation

S. Djerassi* and G. J. Iddan®
RAFAEL, Ministry of Defense, Haifa, Israel

Mechanical systems including elastic bodies are considered. When equations governing motions of such systems
are generated, use is frequently made of the assumed-mode theory to describe elastic deflections of elastic bodies;
and numerical integrations of these equations require an a priori determination of the number of modes being
assumed. Here, a method called dynamic modal truncation—relaxation is introduced, whereby modes can be either
truncated or relaxed at each integration step. The method is applied to a specific example, and a simulation code
is constructed, showing that a significantly improved balance can be obtained between simulation efficiency (i.e.,
execution time) and simulation accuracy, as compared with the balance obtained with an a priori chosen number
of modes. The method is useful when simulation run time is of importance, e.g., when real-time simulations are
performed in the context of contrel design; when many simulations have to be performed in the context of a
parameter study; or when missions of a long duration have to be simulated rapidly, as in the design of a new course

for a spacecraft already in motion.

Introduction

E QUATIONS governing motions of systems with elastic bodies
are frequently written with the aid of the assumed-mode theory,
used to describe elastic deflections of elastic bodies.! When simu-
lations of motions are performed by numerical integrations of the
indicated equations, the number of modes is determined a priori, as
in Refs. 2-7, representing in that regard a vast amount of literature.
It turns out that the determination of the number of modes is not
a simple matter. A large number of modes improves the accuracy
of the simulation but lowers its efficiency. Indeed, the question of
modal truncation was dealt with in the past, e.g., in Refs. 8 and 9.
This question becomes especially important when violent events,
such as ones associated with imposition of constraints, activation of
control forces, or impacts, are involved. Under such circumstances,
one may wish to accurately capture the dynamical behavior of the
systems following the violent event, and needs, for that purpose,
a large number of modes. Noting, however, that for its major part
the motion involves no such events, and that the contribution of the
higher modes dies out with time, one may find it desirable to delete
those modes and improve the efficiency of the simulation.

In the present paper, a method called dynamic modal truncation—
relaxation (DMTR) is introduced, whereby the number of modes can
be changed during the simulation, i.e., at each integration step, from
any current number to any other number. DMTR comes as an addi-
tion to other methods one may invoke to improve both the procedures
leading to simulation codes and the efficiency of simulation of mo-
tion of dynamical systems. For example, one may use modal reduc-
tion techniques to improve modal-function generation (e.g., Guyan
reduction, dynamic condensation'"), one may argue about the best
formulation for writing dynamical equations (e.g., Lagrange’s equa-
tions, Newton—Euler equations, Kane’s equations!!), or one may
employ methods to improve numerical integration of ordinary differ-
ential equations (e.g., Runge—Kutta methods, multistep methods'?).
‘Whatever methods one uses, however, one ultimately comes to grips
with the question of how many modes to use in a particular case,
and whether under the circumstances just described, this number
can be changed during the simulation.

This paper refers only to this last question, introducing the DMTR
method. The method is established in the following section, and is
applied to a system representing a satellite carrying an elastic beam,
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after a heuristic truncation—relaxation criterion is set forth. A sim-
ulation code is constructed and run, showing that, with DMTR, a
significant improvement is obtained in the accuracy of the simula-
tion, as compared with one obtained by an a priori set small number
of modes; and that a significant improvement is obtained in the sim-
ulation run time as compared with one obtained by an a priori set
large number of modes.

Method

The method in question is based on the theory of imposition of
constraints introduced in Ref. 13. The idea of imposition of con-
straints comes to light in connection with a holonomic system S of
v particles P, (i = 1,...,v) of mass m;, exerting contact forces
on each other (but not on particles not belonging to S). The system
possesses n generalized coordinates ¢, ..., g, and n generalized
speeds uy, ..., U, in N, a Newtonian reference frame, and under-
goes three phases of motion as follows.

Phase A occurs in the time interval 0 < ¢ < ¢;. The motion of .S
in N is defined as unconstrained and is governed by » dynamical
equations, namely,

F+F' =0 (1)
where F, and F are the rth generalized active force and the rth
generalized inertia force, respectively.

Phase B is a transition phase that occurs in the time interval
1 <t < t,, where #, — ¢ is small, say, compared to time constants
associated with the motion of S. During this phase, m constraints of
the form

., R)

14
U, = Z Ckrur + Dk

r=1

k=p+1,...,n) (2

are imposed on S, where

pEn—m 3)
and C, and Dy are functions of g, . .., g, and time ¢. The config-
uration of § in N remains unaltered, that is,

(r “

and the number of independent, generalized speeds is reduced
from n to p. The relations between u, () (k = p + 1,...,n),
the values of the dependent generalized speeds at ¢ tp, and
u, (1) (r = 1,..., p), the values of the independent generalized
speeds at t = 15, is given by

g, (8) = q.(t1) =1,...,n)

4
() = Y Cipthy (1) + Dy

r=1

k=p+1,....,n) (5



DIJERASSI AND IDDAN 529

Additionally, the relation between u,(5) (s = 1, ..., n) and u, (¢,
(s =1,...,n)is given by

Z (mr.\' + Z Ckrmkx> [, (t2) —u,(2)] =0

y=1 k=p+1

r=1,....,p) (6

where, with v as the velocity of P; in N, m,, is defined by

v .

A vl gyhi
rr:—z i ,s=1,..., 7
my, m; S o (r,s n) @)

i=1

and where Cy,., Dy, and m, are evaluated at ¢,.
Phase C occurs when ¢t > ;. Then the motion of S in N is defined
as constrained and is governed by p dynamical equations, namely,

Fo+ F+ Y Cu(Fe+ FY) =0 (r=1,...p) 8

k=p+1

When phases A, B, and C occur in the reverse order, then §
undergoes relaxation of constraints. The same equations govern this
process, with #; and #, exchanging roles in Egs. (4-6). Equations
(4-6) imply that the linear and angular momentum of § at #; equal
those at #,. Finally, this formulation applies to simple, nonholonomic
systems of n degrees of freedom if # in Egs. (4) is replaced with 7,
where n > n.

Modal Truncation

In view of the theory just stated, dynamical modal truncation can
be regarded as an imposition-of-constraints process. Thus, if m is
the number of modes being truncated between #; and #,, then the
equations

ur =0 k=p+1,...,n) &)

play the role of Egs. (2), and hence
Ckr = Dk =0

k=p+1,...,n r=1,...,p (10

(In the context of elastic deflections, u, 4 4k, where g, is the kth
modal coordinate.) Consequently, Egs. (5) and (6) reduce to
up(t) =0 k=p+1,...,n) an

and

D iy () = ug (1)1 = 0

g=1

r=1,...,p) (12)

and can be written in a matrix form, with n x n coefficient matrices,
as follows:

BN T R A .
mp1 mpn
0 0
; I '
L 0 0 - _Mn(tZ)_
Fmu 0 My [ uy ()7
mpl e e mpn :
e ) (13)
0 - 0 :
L 0 0 A Lun(tl)_

where I is the m x m identity matrix. In addition, Eqgs. (8) reduce
to

F+F=0  (=1,..p (14)

which are the equations governing the motion of S after the trun-
cation, with values forq, (r = 1,...,n)andu, (r = 1,...,n) at
t = t, obtainable from Egs. (4) and Egs. (13), respectively. Note
that g, 4 1(2), ..., g.(t) appear in Eqs. (14), although the associ-
ated modes have been deleted. Accordingly, one can say that, if #’ is
the total number of modes, then the motion of Sin N whent > £, is
described with the aid of n’ — m active modes and m inactive modes.

Now, the modes being eliminated were the last m ones. Inspecting
Egs. (13) and (14), however, one may conclude that, in fact, any m
modes can be deleted. To do so, one can replace Egs. (13) and (14),
respectively, with

1—e1(f) + mye(t) miney(ts)

1 - €n (tZ) + Mpp €y (tZ)

Myi€n (t2)
ui () mye1(t) mi,er () ui(t)
X = : . .

Un (t2) Myi€n (tZ) Mpnén (IZ) Uy (tl)

(15)
and

(1 — e (82)] + (F, + Fr*)e,.(tz) =0 (r=1,...,n) (16)
where e, (1;) (r = 1, ..., n)is a time-dependent variable having the

value zero or one, depending on whether the rth mode becomes
inactive at #, or not. The left-hand term on the left-hand side of Eqgs.
(16) is added so as to let u,(t > ) = 0 if e,(t;) = 0, which,
together with u, () = O obtained from Eq. (15), leads to

g:@ > ) = g, () = q,(t1) an

in accordance with Egs. (4). To summarize, Egs. (1) and (15-17)
govern the three phases associated with dynamic modal truncation.

Modal Relaxation
Suppose that m’ modes are inactive when ¢ < ¢}, andthatat¢ = ¢,

their activation, or relaxation, is to be initiated. Then, with phases
A, B, and C occurring in the reverse order, the equations

i [1 = e ()] + (Fr + F)er (1) =0 (r=1,...,n) (18)
govern the motion of S in N when ¢ < #,, and are replaced at ¢t = 1,
by Egs. (1). Here, e,(#;) equals either one or zero, depending on
whether the rth mode is active or not when ¢ < ¢,. Moreover, Eq.
(15) has to be applied with #; and £, exchanging roles; hence

mper(h) mupe;(t) ui(t)
Mpy1€y (tl) Myn€n (tl) Unp (tZ)
[1—er(t) +myser(ty) mine{t)
my1en(ty) 1~ e, (t1) + muuen(21)
[ ui(ny)
X (19
Lun(tl)

Next, suppose that the jth mode is relaxed between r = 1, and
t = t,. Then, not only is the jth of Egs. (1) restored, but also

uj() =u;j(t) =0 20)
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Substitutions from m’ such equations in Egs. (19) lead to the fol-
lowing n-m’ identities:

u (t2) = u, (1) #7 2D
Thus, Egs. (18), (20), (21), and (1) indicate that dynamic modal
relaxation involves the addition to the set of governing dynamical
equations those equations associated with the relaxed modes and
that the numerical values of all of the generalized speeds [and, in
view of Egs. (4), of all generalized coordinates] at ¢ = 1, equal those
at t = ¢, respectively.

Simultaneous Modal Truncation-Relaxation

Suppose that m modes have to be truncated at ¢ = ¢, in a system
having m' inactive modes at t = ¢;, where the two sets of modes may
or may not intersect. A convenient way to proceed is to introduce
an instant ¢’ such that

h<t <t (22)

and let a total relaxation (i.e., of the m’ inactive modes) occur be-
tween # and ¢'. This means, in view of Egs. (4), (20), and (21), that

g- (") = - (1) (r=1....n) (23)

w (1) = u, (1) (r=1,...,n) 24
and that Eqgs. (18) are valid when ¢ < ¢;. Next, let m modes be

truncated between ¢’ and #. This means, in view of Egs. (4) and
(15), that

g-(t) = g,(t) (r=1....n) 25)

1 —e(ty) +mye(x) miner (f2)

1~— e, (tz) + mype, (tZ)

myi€n (tZ)
ui (i) myer(f) mner(f) ur(t')
x = : : :
Uy (t2) Mpy€n (t2) Mpyp€n (t2) Uy (t,)
(26)

and that Egs. (16) are valid when ¢t > #,. Letting #, be the instant
terminating a generic integration step, and #, be the instant starting
the next step, one may summarize the DMTR formulation as follows.
Equations (18) govern the motion of S whent < 1;; Egs. (16) govern
the motion of S 'when ¢ > 1;;

q:(82) = g, (1) (r=1,....n) @n

in view of Egs. (23) and (25); and

1 —e () +mne(t) miqer(f)

1- €n (IZ) + mpnep (tZ)

my€y, (t2)
ui(t2) mye(tz) minei(tz) ur(n)
x = : : :
un(tZ) mnlen(tl) mnnen(tZ) un(tl)
(28)

in view of Egs. (24) and (26). Each integration step terminates with
the knowledge of u,(¢;) and ¢, (t;) (r = 1, ..., n), which are then
used in Egs. (27) and (28) to determine u,(;) and ¢, (t;) (r =
1,...,n). These, in turn, serve as initial conditions for the next
integration step.

Example

Shown in Fig. 1 is a system S moving in a planar orbit about E*,
the mass center of Earth, which is assumed to be fixed in N. The
system S consists of a rigid body A and an elastic body B, assumed
to behave as a Bernoulli-Euler cantilever beam attached to A at
point A. With two sets of three dextral, mutually perpendicular unit
vectorsn; (j = 1,2,3) and a; (j = 1, 2, 3), fixed in N and in A,
respectively, the motion of S in N can be described as follows. Let

Ui, ..., Un+3 ben + 3 generalized speeds defined as follows:
wEWA g w2 e (=12 (29)
wi3Bgs  r=1...,n) (30)

where YwA and ¥v4" are the angular velocity of A in N and the
velocity of A*, the mass center of A, in N, respectively; and let
¢r +3 be the rth modal coordinate used to describe the motion of B
in A. The latter can be discussed in terms of y, the displacement
in the a, direction of a generic point of B, located in A so that the
component of its position vector in the @, direction is always x. In
accordance with the assumed-mode theory, y is given by

n+3
Y=Y 6:x)q (31)
i=4
where ¢; (i =4,...,n + 4), called modal functions, are chosen to

be the ones associated with the solution of the partial differential
equation governing the motion of B in A when A is fixed in N
(Ref. 14) and when ¢, the coefficient of viscous friction, is zero.
This equation reads

3ty 2y  dy

EJ— — — =0

ax* +p8t2 +Cat
where EJ is the bending rigidity of B and p is the mass per unit
length of B; and is subject to the following boundary conditions:

y(0) = y'(0) = y"(L) =y"(L) =0 (32)

With 13’§ as the moment of inertia of A relative to A* for ns, m, and
mp as the masses of A and B, L as the length of B, and A; as the
eigenvalue associated with ¢, it is a straightforward matter to show
that the generalized inertia forces for § in N are

. @+Ly+d = ). .
Fl =—<I£+m3-—-—7————+m32q? Uy +mpziuy
i=4

n+3 n+3
+myzis —mp Y (@E; + LF)i; —2mpu; y_ gy (33)
i=4 i=4

F = mpziiy — (ma 4+ mp)ity

nt3 n+3
+mp E Eitis) — mpzouy + 2mpu E Ejuic, (34)
i=4 i=4

Fi = mpzatiy — (my +mp)us

n+3 n+3
—mpg E E,»lk,»cl+m321u%+ 2m3u1 E E,‘M,‘Sl (35)
i=4 i=4

Fig.1 Rigid body carrying an elastic beam.
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F' = —mg(aE; + LF)u; +mpE;s\uy —mpE;i;
— myis; + mpul; (=4, n+3) (36)
where

L n+3
71 = (a + E)SI +ZEiqu1

i=4

37
L n+3
Zy = —(a + E)Cl + ; E;qis
_ 2 cosi;L+coshi;L _ (38)
"7 La; sinh L +sinh AL T Ly
512 sing,, c1 2 cosq 39

Furthermore, let F¥ and F# be the gravitation forces acting on an
element dx located at P, a generic point of B, and on A, and let M4
be the gravitational moment acting on A. With

Q22 Gm, /R, RL £ 42(0) + ¢2(0) (40)

where G is the universal gravitational constant; F”, FA, and M4 are
given by

3
R
P — P pd (l_P_l) Ny @D
R 3
FA = —Q%myu <|—’§;X—l> Npa* (42)

3
R
MA = 392(%) cos ¥ siny (Ify — I)ns (43)

Here, Yp? and ¥p4" are, respectively, the position vectors in N of
points P and A*, expressed as

8 = gony + gsny + (@ + x)a; + ya, (44
and
N = qany + qsny 45)

Also (see Fig. 1)

Vv 2q —tan"(gs/q) (46)

and I{ and I} are the central principal moments of inertia of A for
a; and a,, respectively. Lastly, let T = Tn; be an external torque
acting on A. Then, linearized in x, the generalized active forces for
S are

Fy =3Q%q, cos ¥ sinyr (I} — 1) — my 22,

n+4 n+4
—cLa )y Eu—2¢ Yy Aui—T “7)
i=4 i=4
n+3
F2 = —mAQqu - mBQ/2b2 +cLs; Z Eiui (48)

i=4

n+3
Fy = —maQ%qy —~mpQby+cLei+ Y Eu (49)
i=4

F; =—cLu; — EJLg;\} i=4,....,n+3) (30

where

—3a(a + q,¢1 + g35 L
b = (—(1251+61361)(a+ @+ 9201 + 3 1))5 (629

RS

3 L
by = g» + acy (6‘1 _ g2 tach@+qo+ 4351))3 (52)

R

3(gs+as))(@+qrci+qzs1) \ L
b3=q3+as1+<s1-— (g3+asi)(a+qacitqs 1))

— (53
and

Q% = Q*(Ry/Ro)®, R:=¢q} + ¢ + a* + 2a(g:c1 + ¢351)

(54

The terms involving ¢ in Eqgs. (47-50) are associated with damping
forces, and the last term in Eqgs. (50) is associated with elastic forces.
Substitution from Egs. (33-36) and (47-50) in Egs. (1) leads to the
equations of motion of S in N.

Consider a motion of S with the following initial conditions:

71(0) =0, g2(0) = Ry, q3(0) =0
4 ©) =0 G=4,.. ,n+3)

u;(0) = Q, u(0) =0, u3(0) = QRy
u;(0) =0 (i=4,...,n+3)

and let a moment of —3n3 kg - mm be applied to A when 0.03 <
t < 0.07 s, and a moment of 3n; kg - mm be applied to A when
901.03 < t < 901.05 s. We integrate the indicated equations of
motion numerically, using one mode and six modes throughout the
motion, with the following numerical values for the various param-
eters: I = 0.1, I4 = 0.01, I = 0.01 kg - mm - s*; m4 = 0.001,
mp = 0.0000468 kg - mm~!.s% E = 21,000 kg - mm™?%; J = 20
mm*; ¢ = 1077 kg - mm~2- s. We obtain Fig. 2, which shows
y(L, t), the elastic deflection of the endpoint of B. Similarly, Fig. 3
shows g (t), obtained with one mode and with six modes. Adopting
the assumption that the larger the number of modes, the better the
accuracy, one may refer to the curves obtained with six modes in
Figs. 2 and 3 as benchmarks. One may then conclude that, whereas
¢1(¢) can be predicted with reasonable accuracy with one mode,
the elastic deflection cannot. The accuracy obtained with six modes
does not come without price, however; a 910-s real-time simulation

y(L){mm]
3.00
2.00
1.00
0.00

-1.00 3
-2.00
-3.00
-4.00
5.00

900.80 901.30 901.80 902.30 902.80

time[sec]

Fig.2 y(L,?) without DMTR: =, six modes and ——, one mode.

qiideg]
2605

-261.0

2615 W\

-262.0

-262.6

-263.0
900 801 802 903 904 906 806

tisec]

Fig.3 g1(f) without DMTR: ==, six modes and ——, one mode.
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y{L)imm]
3.00
2.00
1.00

0.00
-1.00 \\l\v
-2.00
-3.00
-4.00

-5.00
800.80 901.30 901.80 802.30 90280

tsec]

Fig.4 y(L,?): ==, six modes without DMTR and —, six modes with
DMTR.

qlldeg]
2606

-261.0

2616 W\

-262.0

-2625

-263.0
900 901 802 903 904 906 906

sec]

Fig. 5 g1(?): ==, six modes without DMTR and —, six modes with
DMTR.

takes 53 min to run on a 486 PC (with a Kutta-Merson integrator)
with six modes, as compared with 22 min with the first mode.

A question arising at this point is this: can a better balance be
obtained between the simulation efficiency and simulation accu-
racy? It will be demonstrated here that, even with a simple-minded
truncation—relaxation criterion, a significantly improved balance can
indeed be obtained, if use is made of the DMTR theory introduced
in Sec. 2. For example, if one lets all the modes be active whenever
T # 0, and lets the jth mode be truncated 7 — j s after T becomes
zero, one obtains Figs. 4 and 5, with a 37-min simulation run time. A
comparison of these figures with Figs. 2 and 3 reveals a significantly
improved prediction of y(L, t) as compared with the one obtained
with the first mode.

With Egs. (18) and (16) governing the motion of S when ¢t < 1,
and when ¢ > 1,, respectively, one may wonder whether a scheme
simpler than that represented by Eqgs. (27) and (28), for instance,

g-(12) = e, (12)q, (11) (55)
u(f2) e() 0 -~ 0 ui(t)
: = : : : (56)
Uy (tZ) 0 0 €p (t2) Up (!l)

might lead to similar results. Figures 6 and 7 show y(L,t) and
g1(t) obtained with Egs. (55) and (56) with the same truncation—
relaxation criterion as before, the run time being 37 min. Whereas the
two schemes in question give rise to the same y(L, ¢) behavior, the
latter leads to g, (¢) that deviates appreciably from the one obtained
with six modes. Thus, Eqs. (27) and (28) yield a tangible advantage
over Egs. (55) and (56).

An insight into the reason for this advantage can be gained with
the aid of the following expressions:

H =
n+3

(a+ L)} -a3
<<13’§ + mp(z1q3 — 2242) +m3—3L_ +m32q,~2 ”
i=

—[(ma+mp)gs —mpzilus + [(ma +mp)gs — mpzolus

n+3
+mp Z[Ei (g2c1 — q351 +a) + LFi]ui>n3 57

i=4

y(L)imm]
3.00
200
1.00

0.00

-1.00 1 \\'\\/

200

-3.00

-4.00

5.00
900.80 901.30 901.80 902.30 902.80

tlsec]

Fig.6 y(L,?): ==, six modes without DMTR and —, six modes with
simple DMTR.

ql[deg}

-260.6

-261.0

2615 \N\N"‘AM

-262.0

-263.0

800 901 902 903 904 906 906
tisec]

Fig. 7 q1(f): ==, six modes without DMTR and ——, six modes with
simple DMTR.

n+3
L= (‘mleul + (ma +mp)uy —mp Z Et‘ui)nl

=4

n+3
+ (—mBlzul + (my +mplus +mp Z Eiui)'lz (58)
i=4
These are, respectively, the angular and linear momenta of S in N.
Now, e,(t;) = 1 fori = 1, 2, and 3, because u;, u,, and uz defined
in Eqgs. (29) are associated with the motion of A in N. Identifying
mes (r=1,2,3;5=1,...,n+3)in Eq. (28) with the aid of Eqs.
(33-36), one can show that

n+3 n+3 n+3
H-nsz—E mlrur+tk§ erur—qu ma Uy (59)

r=1 r=1 r=1

n+3 n+3

L-n = —ngru,, Lon,=— Zm3,u, (60)

r=1 r=1
and that, in view of the three first rows of Eq. (28),

H(n) = H(1), L) = L(z)) (61)
The angular momentum and the linear momentum remain intact
(only) during the imposition and/or relaxation phase, namely, be-
tween #; and f,. Note that this need not be the case throughout the
motion. In fact, this is not the case in the present example, since the
system in question is subjected to gravity forces [Eqs. (41—43)].

One may associate with each generalized speed a contribution to
the linear and angular momentum of S in N, and then regard Egs.
(27) and (28) as a formulation leading, when truncation-relaxation
occurs, to a redistribution of the linear and angular momentum of S
between the remaining contributors. This redistribution sheds light
on the manner in which the simultaneous DMTR was handled;
namely, the relaxation of all the inactive modes and subsequent
truncation of those not meeting the survival criteria. Each of these
relaxation—truncation steps leaves the linear and angular momen-
tum intact between ¢, and #,. By way of contrast, Eqs. (55) and (56)
lead, upon truncation, to a loss of linear and angular momentum,
and although the loss associated with each mode being truncated is
small, its accumulated effect on the accuracy of the simulation is
appreciable.
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Further Exploitation

Precisely the same formulation used to camry out the DMTR,
namely, that based on Egs. (18), (16), (27), and (28), can be used to
construct codes for the simulation of motions of systems undergo-
ing changes in the number of degrees of freedom, when all of the
constraint equations have the form of Eqgs. (9). Examples of such
systems are spacecraft deploying solar panels and booms, missiles
deploying lift surfaces, etc. Taking a closer look at the former, sup-
pose one wishes to investigate the attitude behavior of the spacecraft
shown in Fig. 8 during the deployment of solar panels. The space-
craft consists of a main body S and of six panels A, B, C, D, E, and
G, connected to S and to each other by revolute joints at points S, A,
B, S, D, and E, and has a configuration characterized by q, . . ., go.
Initially, g4(0) = 270 deg, ¢s(0) = 180 deg, g¢(0) = 180 deg,
q7(0) = 90 deg, g5(0) = 180 deg, and g¢(0) = 180 deg, whereas
in the deployed configuration g4 (¢ > #;) = 360 deg, gs(t > t5) =0
deg, gs(t > t5) = 360 deg, g;(t > ) = 0deg, gs(t > £g) = 360
deg, and gy(t > t) = 0 deg. Here, ¢, (r = 4,...,9) is the time
at which the rth coordinate reaches the indicated value. Then the
bodies associated with g, are locked to each other (e.g., at #, S is
locked to A, etc.). Torsion springs of constants k4, kg, kc, kp, kg,
and kg are acting at points S, A, B, §, D, and E, respectively,
exerting torques on two adjacent bodies directed so as to increase
44, 96, and gz and decrease gs, g7, and gy. The equations governing
the motion of the spacecraft can be constructed with the following
definitions for generalized speeds:
ANyS.s, (r=1,2,3) w24 r=4,...,9

W EWS n.y (r=1,2,3)

Uy

so that
Nws = US| + UsS) + U383
Mot = w15y + uasy + (U3 + ua)ss

M5 = wony + unng + upns
etc., where self-explanatory notation has been used. The constraints
are g, = 0(r = 4,...,9), and the rth constraint is imposed at ¢,.
The derivation of the equations of motion and the implementation
of Egs. (18), (16), (27), and (28) in the context of a simulation code
are straightforward, and will not be discussed any further.

Figure 9 shows u3 during the deployment of panels from a
spacecraft initially at rest [so that u,(0) =0, r = 1, ..., 12] with
parameters that, with self-explanatory notation, have the following

Fig. 8 Spacecraft deploying solar panels.
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Fig.9 wu3(f) during deployment.

numerical values: L = 1000 mm, ms =0.01, m4 =mp = 0.00005,
mp=mc=mg=mg=0.0001 kg-mm~!-s% I§=1600, I} =
1500, I =1340, I}, =166, I};=150, I};=140, I =1IP =4,
If=1P=10,1#=1P =2, Ii =1 =[f=1P=8, I} =If =
=18 =161 =1f =If =1F =8kg-mm™! 5%k, =15,
kp = 40, k¢ = 20, kp = 25, kg = 30, kg = 10 kg - mm/rad. Here,
no external forces are exerted on the spacecraft; therefore the angu-
lar momentum of the spacecraft for $* and the linear momentum in
N are conserved. The theory of imposition of constraints!! asserts
that this is also the case during each of the impositions. Indeed, it
has been verified that |H| = 0 throughout the motion [note that
u3(t > t9) = 0]. On the other hand, each of the generalized speeds
undergoes an instantaneous change at ¢, (r = 4,...,9), affecting
the orientation of S, and subjecting the spacecraft to a series of im-
pacts. These effects can be minimized with a proper choice of system
parameters, a choice that can be made expeditiously with the aid of
a simulation such as the one in question.

Conclusions

A method for DMTR was presented in connection with systems
having flexible members, whose elastic behavior is described with
the aid of modal representation. The largest number of modes to be
used is determined a priori, and variables associated with each of
the modes are tested against predetermined criteria at each integra-
tion step of the motion equations. Accordingly, modes are truncated,
activated, or left intact. It was demonstrated that the method leads
to results that are more accurate than those obtained with a single
mode, on the one hand, and than those obtained with a simple modal
truncation, on the other. The efficiency gained was moderate, but
improves as the number of modes increases. The importance of the
truncation—relaxation criterion in improving the balance between
efficiency and accuracy cannot be overstated. Keeping, however, at
least one mode active at all times, one cannot except to improve the
simulation run time over whatever is obtained when a single mode
is used throughout the simulation. The method in question comes
into play independently of other methods [i.e., numerical methods,
modal analysis methods and (dynamical) equation generation meth-
ods] used to improve the efficiency of dynamical simulations, or to
improve the process leading to the underlying simulation codes.
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